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• Advantages
• Infinite resolution
• Controllable continuity
• Robust constructive solid geometry
• Domain repetition
• Smooth blending
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• Problem: not directly compatible with popular surface deformation 
developed for animating explicit surfaces.



Rendering SDF

• Inigo Quilez’s website: http://iquilezles.org/

http://iquilezles.org/


Rendering SDF

• Ray Tracing
• Scene is defined in terms of explicit geometry.
• Find intersection between ray and the scene.
• Geometric intersection test.



Rendering SDF

• Ray Marching
• Scene is defined in terms of a signed distance function.
• Find intersection between ray and the scene.
• Start from camera, move a point along the view ray, bit by bit. 
• Check the value at the point, if negative(inside surface), done.



Rendering SDF

• Sphere Tracing
• Use maximum step we know is safe.
• Provided by SDF.



Transformation on SDF

• Need to compute inverse transformation. 
• Easy for linear deformation.
• Hard for non-linear ones.



Non-linear Sphere Tracing

• The problem can be cast as the numerical integration of an ODE.
• Determine the initial value by an automatic construction.
• Maintain the strengths of SDF.
• Enable the rich palette of real-time deformation.
• Demonstrate on a prototypical implicit modeling/animation tool.



Method



Sphere Tracing



Sphere Tracing

• For deformation, must have inverse:

• But not always exist, especially for non-linear deformation



Non-linear Sphere Tracing

• Trace in undeformed space



Non-linear Sphere Tracing

• Can be written as numerical integration

• And with deformation:



Non-linear Sphere Tracing

• Two issues:
• Cannot compute integral analytically
• Still need to evaluate D-1 once, for start point p



A joint method for Root Finding and Ray 
Integration
• A naïve extension from sphere tracing to non-linear sphere tracing is:

• Problem: error quickly accumulate when ray is highly curved.



A joint method for Root Finding and Ray 
Integration



A joint method for Root Finding and Ray 
Integration
• More generally, it can be cast as ODE:

• The solve takes initial condition and integration duration as 
parameters.

• Still need to find start point.



Find Undeformed Space Ray Start

• Generate a low resolution explicit hull contain the surface.
• Deform the hull vertices using the forward transform.
• Intersect the deformed triangle mesh with the deformed space view 

ray.
• Actually a generalization of the bounding-box technique(Barr et. al, 

1986) to determine the initial value.



Principled Methods for Controlling Error

• Two types of error:
• Numerical integration
• Approximation of the inverse via hull linearization



Principled Methods for Controlling Error

• Choose an appropriate ODE solver: hybrid approach
• When step is large, use adaptive Runge-Kutta integrator
• When step is small, use simple Euler integration



Principled Methods for Controlling Error

• Reducing hull linearization error via adaptive subdivision



Evaluation and Results



Evaluation and Results











Conclusion

• Non-linear sphere tracing
• Inherit limitation from root finding and sphere tracing
• Performance worse than ray tracing or rasterization
• Concave objects, runs out of iteration
• Only applicable to SDFs
• Have to be locally foldover-free



Discussion



Thank you!
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